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Abstract
We discuss nonstandard continuum quantum field theories in 2 + 1 dimensions. They
exhibit exotic global symmetries, a subtle spectrum of charged excitations, and dualities
similar to dualities of systems in 1 + 1 dimensions. These continuum models represent
the low-energy limits of certain known lattice systems. One key aspect of these con-
tinuum field theories is the universal and important role played by discontinuous field
configurations. In two companion papers, we will present 3 + 1-dimensional versions of
these systems. In particular, we will discuss continuum quantum field theories of some
models of fractons.
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1 Introduction
This paper is the first in a sequence of three papers (the other papers are [1, 2]). Here
we will study systems in 2 + 1 dimensions and in [1, 2] we will consider similar systems
in 3 + 1 dimensions. The goal of these papers is to present a continuum quantum field
theory perspective of some lattice models studied in the condensed matter literature, and in
particular of models of fractons (for reviews, see e.g. [3, 4] and references therein).
The main characteristics for a large class of fracton models include:
• The spectrum includes massive particles (fractons) of restricted mobility. Some par-
ticles are completely immobile, or can move only along a line, or along a plane. In
our treatment of these models we will focus on the low-energy theory. It does not
include such dynamical excitations. However, the effect of these massive particles is
captures by defects, whose locations are restricted. These defects can be thought of
as deformations of the Hamiltonian along lines (or strips) stretched along the time
directions.
• The logarithm of the ground state degeneracy of a quantum system is its entropy.
Typically it is proportional to the volume of the system, or it is a finite number. The
gapped fracton models have a ground state degeneracy proportional to the length of
the system.1 Not only is such behavior surprising from a continuum quantum field
theory point of view, it is also infinite in the continuum limit. Specifically, in the
X-cube model [6], on a cubic lattice (with periodic boundary conditions) with Lx,
Ly, Lz sites in the three directions, the logarithm of the ground state degeneracy
is 2Lx + 2Ly + 2Lz − 3 and therefore it diverges in the continuum limit in which
Lx, Ly, Lz →∞. Therefore, any continuum field theory of this system should have an
infinite number of ground states.
1In some cases, as in Haah code [5], the dependence on the size is more complicated.
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• These systems exhibit exotic global symmetries. Some of these global symmetries are
known as subsystem symmetries. These are symmetries whose charges act only on
a subspace of the total space. Unlike the generalized global symmetries of [7], here
the value of the charge varies from subspace to subspace [8]. If the global symmetry
group is compact such as U(1) or ZN , this means that the charge operator can be
discontinuous as a function of the position.
These three characteristics seem impossible in the context of continuum quantum field
theory. For example, one aspect of the degeneracy is that some observables, e.g. some
subsystem symmetry generators, can be diagonalized in the space of ground states and their
eigenvalues can change discontinuously from one lattice site to another. Equivalently, low-
energy observables depend on physics with arbitrarily high momentum. This means that
the low-energy physics (IR) is sensitive to some short distance physics (UV).
Despite these challenges, we will attempt to describe these systems using the framework
of continuum quantum field theory. Usually, a continuum quantum field theory gives us a
universal description of the low-energy physics, which does not depend on most of the details
of the microscopic model. One of our motivations is to find such a universal description.
Another motivation, following a broader view, is the pursuit of learning of quantum field
theory in its own right and in particular, exploring whether it can be generalized.
Our discussion here (and in [1, 2]) will use a number of new elements:
• Not only will these quantum fields theories not be Lorentz invariant, they will also not
be rotational invariant. In this paper we will focus on 2 + 1-dimensional systems and
we will not preserve the full SO(2) rotation symmetry, but only its subgroup of 90
degree rotations, Z4.2 (We will denote its irreducible, one-dimensional representations
1n with n = 0,±1, 2 labeling the spin.) We will not impose parity or time reversal
symmetries, although many of our models are invariant under them. In addition, we
have the continuous translation symmetries both in space and time.
• We will continue the investigation of [8], emphasizing the global symmetries of the
systems. The discussion of the symmetries is more general than the specific models
that we will study. We will also gauge these global symmetries.
• Perhaps the most significant new element is that we will consider discontinuous fields.3
2In [1, 2] we will study 3 + 1-dimensional systems and will preserve only their cubic symmetry group S4
(ignoring parity and time reversal).
3It is well known that the dominant configurations contributing to the Euclidean path integral are dis-
continuous. The suppression due to their infinite action is compensated by the large number of such con-
figurations. We do not see a relation between this fact and the discontinuous configurations that we will
study.
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The underlying spacetime will be continuous, but we will allow discontinuous field
configurations. Starting at short distances with a lattice, all the fields are discontinuous
there. In standard systems, the fields in the low-energy description are continuous.
Here, they will be more continuous than at short distances but some discontinuities
will remain.
Rather than giving a general treatment of arbitrary models, our approach will be to find
continuum descriptions of specific lattice systems. We start with a lattice with lattice spacing
a with Li sites in the i direction. (In 2 + 1-dimensional systems the index i takes values x
and y and in 3+1-dimensional systems it takes the values x, y, and z.) The continuum limit
is a→ 0, Li →∞, while keeping the physical size of the system `i = aLi fixed.4 Then, the
low-energy physics is defined to be the physics of modes with finite energy in that limit.
In our examples below, we will find some special states, whose energy scales in the
continuum limit like 1
a
. Normally, such states are neglected in the continuum limit. However,
we will encounter situations where it is meaningful to study them in the continuum limit.
This happens when the continuum field theory computation of their energy appears to be
universal. Furthermore, these states are the lowest energy states that are charged under
some global symmetry. Therefore, we will study such states in detail.
A related discussion applies to the space of fields in our field theories. As we said, we will
allow discontinuous field configurations with certain discontinuities. These fields, despite
being discontinuous, have finite action. Therefore, such configurations must be included in
the functional integral.
We will also find it interesting to study discontinuous field configurations whose action is
infinite and scales like 1
a
. In continuum language, their action will be proportional to a one-
dimensional delta function δ(0). Naively, such configurations should be excluded. However,
we will show that sometimes such configurations lead to states with energy of order 1
a
of the
kind mentioned above. Their field theory analysis is universal and they carry some global
symmetry charges.
1.1 Exotic Global Symmetries
Our analysis of these systems will use as a guiding principle their exotic global symmetries.
We will follow and extend the discussion of [8] and characterize the systems by the properties
of their symmetries. We will start by analyzing global U(1) symmetries. Later we will also
consider ZN symmetries.
4In general, we also tune some parameters to special values, but we will not do that here.
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An ordinary global U(1) symmetry is associated with a conserved Noether current (J0, J
i)
satisfying
∂0J0 = ∂iJ
i , (1.1)
with J0 its time component and J
i the spatial component, which is a vector of the spatial
rotation group. The conserved charge is an integral over all of space of the time component
of the current
Q =
∫
space
J0 . (1.2)
The current conservation equation (1.1) guarantees that it is conserved.
We will generalize this symmetry in two ways.
First, we will be interested in situations where the conservation equation (1.1) has more
than one spatial derivative in the right hand side. In the simplest nontrivial case, there are
two derivatives and we will refer to the symmetry as a dipole global symmetry.5
Second, we will allow the time component of the current J I0 to be in a nontrivial repre-
sentation Rtime of the rotation group, with I an Rtime index. This rotation group can be the
full continuous rotation group, or only a finite subgroup of it. Related to that, the spatial
component of the current JK will be in an appropriate representation Rspace of the rotation
group, with K an Rspace index. Then, the conservation equation (1.1) takes the form
∂0J
I
0 = ∂i∂j · · · JKf ij··· , IK (1.3)
with f ij··· , IK an invariant tensor coupling the indices. We will refer to such a current as
(Rtime,Rspace).
One interesting aspect of these exotic symmetries is that for special choices of the con-
servation equation (1.3), the conserved charge does not have to be integrated over the entire
space. We can have
QI =
∫
Σ
J I0 (1.4)
with Σ a closed subspace, which can depend on the index I. For example, Σ can be a line
along the x direction. Then, the charge QI is a function of the remaining coordinates – y in
a 2 + 1-dimensional system or y and z in a 3 + 1-dimensional system. Furthermore, as we
will see, sometimes the time component of the current satisfies another differential condition
that restricts the dependence on these coordinates.
5In the literature of dipole global symmetry, the charge is usually an integral of the current multiplied by
a linear function of xi. Such an expression is only allowed in RD,1, but not on more general manifolds. Our
presentation of the dipole symmetry will be based on the local conservation equation (1.3), and is insensitive
to the details of the manifold.
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In our examples the global symmetry will be U(1) (rather than R) and therefore the
charges are quantized. In that case, if the charge QI is integrated over a subspace and it
depends on the other coordinates, it must be discontinuous. We will see examples where
the charge QI is an integer changing from point to point and other examples where QI is a
linear combinations of delta functions with integer coefficients.
As we said above, such behavior of global symmetry charges poses a challenge to a
description in terms of a continuum quantum field theory.
1.2 Naturalness and Robustness
An essential issue in every quantum field theory is whether it is natural. This notion has
two different meanings, both of them related to the global symmetries of the system.
First, as is common in high-energy physics, we postulate a global symmetry (in the short-
distance theory) GUV and demand that the UV Lagrangian includes all the terms that are
compatible with the global symmetry with coefficients of order one. Terms that violate the
global symmetry are “naturally” excluded.
All our systems here and in [1,2] are natural in this sense. Our Lagrangians respect their
global symmetries and do not include more generic terms that violate them.
In real condensed matter systems the short-distance model has very few global internal
symmetries. Typically, GUV is Z2, or U(1), or trivial. Let us consider the extreme case of
a trivial GUV . In that case, the question of naturalness becomes a question of robustness.
We assume that by tuning the short distance parameters, we find a low-energy theory with
an emergent global symmetry GIR. Then, we deform slightly the short distance parameters
and ask whether the low-energy system still preserve the emergent symmetry GIR. This is
determined by an analysis of the operators in the low-energy theory and in particular, by
those operators in the low-energy theory that violate GIR.
If the low-energy theory has relevant operators that violate GIR, then a generic defor-
mation of the short-distance system induces them in the low-energy system and breaks the
symmetry there. Then, some level of fine tuning will be needed in order to find a GIR
symmetric system at low energies.
If, however, the low-energy system has no GIR violating relevant operator (or if it does
not have any local operator at all), then a small deformation of the short-distance system
does not ruin the symmetry at long distances. In that case the global symmetry of the low-
energy system is robust. It is referred to as an emergent global symmetry or as an accidental
global symmetry.6
6A known example in high-energy physics is the conservation of the global U(1) symmetry of baryon
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A weaker notion of robustness is also useful. We can start at short-distances with a
nontrivial global symmetry GUV . Then, the global symmetry of the long-distance theory
GIR can have new symmetry elements that are not present in GUV . Is this symmetry
enhancement robust? The low-energy theory can have relevant operators violating GUV .
These operators are naturally absent in the Lagrangian, because we impose GUV at short
distances. However, if the low-energy theory has relevant operators that preserve GUV , but
violate GIR, then the enhanced global symmetry is not robust. Conversely, if there are no
such relevant GIR violating operators, the symmetry enhancement is robust. To summarize,
the robustness of the long-distance global symmetry GIR can depend on what the short-
distance symmetry GUV is.
Not all of our models are robust. The long-distance theory might include relevant opera-
tors violating some global symmetries. However, some of our models, and in particular, the
model of Section 6 and the models of [2] are both natural and robust. The latter ones are
the low-energy field theories for the 3 + 1-dimensional X-cube model.
Examples
Let us demonstrate this notion of robustness in some familiar examples.
In the 1 + 1-dimensional XY-model, the microscopic symmetry GUV is the U(1) momen-
tum global symmetry. The long-distance field theory is based on a compact scalar field.7 Its
global symmetry GIR includes GUV and an emergent U(1) winding global symmetry. If the
radius of the scalar is large enough, the emergent winding symmetry is robust. However, if
that radius is small, then the emergent winding symmetry is not robust and is generically
broken by relevant winding operators. It is common and natural (in the technical sense) to
impose that winding symmetry on the low-energy theory even for small radius. Then the
theory is gapless for every radius and exhibits a duality, known in the string-theory literature
as T-duality.
1 + 1-dimensional ordinary U(1) gauge theory has a one-form global symmetry [7], which
is referred to as electric. This global symmetry exists both in the lattice formulation of
the system and in its continuum field theory. We can change the system by adding to it
minus lepton number in the Standard Model. All the gauge invariant operators constructed out of the
fields of the Standard Model that violate this symmetry are irrelevant. And therefore, this is an emergent
global symmetry of the theory. In fact, all the renormalizable operators of the Standard Model preserve
separately baryon number and lepton number. But since the corresponding global symmetries are violated
by instantons of the weak interactions, we would not refer to these symmetries as accidental.
7Here and elsewhere in this paper we follow the high-energy physics terminology, where this means that
the field is circle-valued, regardless of its action. This is to be contrasted with the notion of a compact
field in the condensed-matter literature, which means that the lattice action does not preserve the winding
symmetry.
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massive charged matter fields and then this one-form global symmetry is absent. However,
this symmetry can emerge in the low-energy theory. In this case GUV is trivial and GIR is
the electric one-form symmetry.
This U(1) gauge theory is sometimes represented on the lattice in the Hamiltonian for-
malism by imposing Gauss law energetically, rather than as a constraint. (This was reviewed
from the perspective we use here in [8].) Then, the lattice theory is not a gauge theory and
one can deform it further by adding lattice operators violating the gauge symmetry, e.g.
a term linear in the link variable. This lattice theory does not have the one-form global
symmetry. However, it is easy to see that if this deformation is sufficiently small, its effect
on the low-energy theory is negligible as the number of sites of the lattice L goes to infinity.
Therefore, even though the microscopic theory does not have the electric one-form symmetry,
it emerges at long distances as a nontrivial GIR and it is robust.
This system should be contrasted with three variants of it.
First, consider the 1 + 1-dimensional ZN gauge theory. One way to construct this theory
is by Higgsing the U(1) gauge theory by a charge N field. The presence of the charge N
field breaks the one-form U(1) global symmetry to ZN [7]. A convenient way to represent
this theory is as a BF -theory with the Lagrangian [9–11,7]
N
2pi
BdA (1.5)
with B ∼ B + 2pi a circle-valued scalar field and A is a one-form gauge field. Alternatively,
we can formulate it directly as a ZN gauge theory either on the lattice or in the continuum.
In all of these formulations it has a robust electric ZN one-form symmetry.
This system also has a magnetic symmetry, which is an ordinary (zero-form) ZN global
symmetry. The local operators charged under it are often called twist fields and in the
formulation of the theory (1.5), it is represented by eiB. The theory has N ground states in
which the expectation values of the twist field are e2piin/N with n = 0, ..., N − 1. This means
that (1.5) describes a spontaneously broken global ZN symmetry.
If we start at short distances with an exact global ZN magnetic symmetry (as in the Ising
model), this symmetry remains exact at low energies. In the broken phase, the low-energy
system can be described by (1.5). In this phase the one-form ZN global symmetry emerges
at long distances and it is robust.
Alternatively, if we start with the lattice ZN gauge theory without the magnetic symme-
try, then the microscopic symmetry GUV is only the electric one-form symmetry. We can
still end up in a phase described by (1.5) with an emergent ZN ordinary global symmetry.
However, in this case the emergent global symmetry GIR is not robust. We can deform the
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low-energy theory (1.5) by eiB and explicitly break the ZN magnetic global symmetry. This
deformation lifts the degeneracy between the N states.
As another variant of the 1 + 1-dimensional U(1) gauge theory, we can consider its 2 + 1-
dimensional version. Just like the 1+1-dimensional system, it has an electric one-from global
symmetry. This symmetry is robust. But unlike the 1 + 1-dimensional U(1) gauge theory,
it has a magnetic U(1) global symmetry, whose Noether current is Jµ = 1
2pi
µνρ∂νAρ. This
symmetry is not present in the lattice formulation of the system, and we could ask whether
it is an emergent symmetry.
The simplest way to answer this question [12] is to dualize the gauge field to a free
compact scalar ϕ ∼ ϕ + 2pi. Then the conserved magnetic current is Jµ ∼ ∂µϕ. The
operators charged under this symmetry are known as monopole operators (see the modern
discussion in [13]) and are represented by eiϕ. If the short-distance theory does not have this
magnetic symmetry (i.e. GUV includes only the one-form global symmetry) and the system
is not fine-tuned, then the long-distance theory is generically deformed by these monopole
operators. This deformation breaks the magnetic symmetry and gaps the system. Therefore,
the magnetic symmetry is not robust. This is the 2 + 1-dimensional analog of the lack of
robustness of the gapless 1 + 1-dimensional XY-model at small radius.
Finally, we discuss a 2 + 1-dimensional ZN gauge theory. It has known lattice and
continuum descriptions. One way to think about it in the continuum is by Higgsing the
U(1) theory. This description can be dualized to (1.5), this time with B a U(1) gauge
field [9–11,7]. The lattice system has an electric ZN one-form symmetry GUV . The symmetry
GIR of the continuum theory further includes a ZN one-form magnetic symmetry [7]. This
emergent magnetic symmetry is different than in the 1 + 1-dimensional ZN gauge theory,
where the magnetic symmetry is an ordinary (zero-form) global symmetry. Correspondingly,
the operators charged under it are not point-like. They are line operators ei
∮
B. Since they
are not point-like, they cannot be added to the Lagrangian and therefore, the emergent
magnetic symmetry is robust.
1.3 Summary
In Section 2, we follow [14] and study a 2 + 1-dimensional XY-model with interactions
around plaquettes, the XY-plaquette model. After reviewing the lattice model, we discuss
a continuum Lagrangian for the system. It is based on a compact (i.e. circle-valued) scalar
field φ ∼ φ+ 2pi with the Lagrangian [14–19] (related Lagrangians appeared in [20–22])
L = µ0
2
(∂0φ)
2 − 1
2µ
(∂x∂yφ)
2 . (1.6)
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It has two dipole global symmetries, which we refer to as momentum and winding (see Table
1). As mentioned before, discontinuous configurations of φ will play an important role in the
analysis of this model. In particular, the discontinuities imply that we should also identify
φ ∼ φ + 2piwx(x) + 2piwy(y) where wx(x), wy(y) ∈ Z are two discontinuous, integer-valued
functions.
In Section 3, we study the continuum limit more carefully and explore the space of
functions of our theory.
Section 4 is devoted to the spectrum of the model. Plane waves with generic momenta
lead to a Fock space of states with energies of order one in the continuum limit. The states
that are charged under the global symmetries have energy of order 1
`a
with ` the physical
length of the system (`x or `y). In the standard continuum limit, a is taken to zero with
fixed ` and the energy of these states diverges. A conservative approach would simply discard
these states. But being ambitious, we will analyze them in detail.8
In Section 5, we perform a duality transformation on (1.6) to find a theory of a com-
pact field φxy ∼ φxy + 2pi in the spin-two representation of the rotation group Z4 with the
Lagrangian9
L = µ˜0
2
(∂0φ
xy)2 − 1
2µ˜
(∂x∂yφ
xy)2
µ˜0 =
µ
4pi2
, µ˜ = 4pi2µ0 .
(1.7)
The duality exchanges the momentum and winding symmetries between (1.6) and (1.7) (see
Table 1).
Such an exchange of momentum and winding states is reminiscent of T-duality of a
compact scalar in 1 + 1 dimensions. This is particularly surprising in this 2 + 1-dimensional
system because all these states have energies of order 1
a
. The analogy between these 1 + 1
and 2 + 1-dimensional systems is summarized in Table 2.
Section 6 studies a gauge theory associated with the dipole global symmetry [23, 15, 24,
25,17,26]. (Related models were discussed in [27–33,21,34,22,35,19].) In most of the papers
about tensor gauge fields, the spatial components of the gauge field is a symmetric tensor.
Here, we follow the global dipole symmetry above and have a single spatial field in the spin
8One might also be interested in the limit `→∞ with fixed a. This is the large volume limit with fixed
lattice spacing. In this limit, these states have low energy and must be included.
9Since the rotation group Z4 is finite and the system has a charge conjugation symmetry, we can combine
a 90 degree rotation with charge conjugation and interpret φxy as having spin zero. Similarly, by combining
parity with charge conjugation we can take it to be parity even.
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QFT φ φxy
dipole symmetry momentum winding
(10,12) (J0 = µ0∂0φ, J
xy = − 1
µ
∂x∂yφ) (J0 =
1
2pi
∂x∂yφ
xy, Jxy = 1
2pi
∂0φ
xy)
currents ∂0J0 = ∂x∂yJ
xy
charges Qx(x) =
∮
dyJ0 =
∑
αN
x
αδ(x− xα)
Qy(y) =
∮
dxJ0 =
∑
β N
y
βδ(y − yβ)∮
dxQx(x) =
∮
dyQy(y)
energy O(1/a)
number of sectors Lx + Ly − 1
dipole symmetry winding momentum
(12,10) (J
xy
0 =
1
2pi
∂x∂yφ, J = 1
2pi
∂0φ) (J
xy
0 = µ˜0∂0φ
xy, J = − 1
µ˜
∂x∂yφ
xy)
currents ∂0J
xy
0 = ∂
x∂yJ
charges Qxyx (x) =
∮
dyJxy0 =
∑
αW
x
αδ(x− xα)
Qxyy (y) =
∮
dxJxy0 =
∑
βW
y
β δ(y − yβ)∮
dxQxyx (x) =
∮
dyQxyy (y)
energy O(1/a)
number of sectors Lx + Ly − 1
Table 1: Global symmetries and their charges in the 2 + 1-dimensional scalar theories φ and
φxy. The energies of states that are charged under these global symmetries are of order 1/a.
Detailed explanations will be given in the body of the paper.
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(1 + 1)d compact scalar (2 + 1)d φ theory
lattice XY-model XY-plaquette model
fields Φ ∼ Φ + 2pi φ ∼ φ+ 2piwx(x) + 2piwy(y)
Lagrangian L = R2
4pi
(∂0Φ)
2 − R2
4pi
(∂xΦ)
2 L = µ0
2
(∂0φ)
2 − 1
2µ
(∂x∂yφ)
2
momentum momentum dipole
∂0J0 = ∂xJ
x ∂0J0 = ∂x∂yJ
xy
(J0 =
R2
2pi
∂0Φ, J
x = R
2
2pi
∂xΦ) (J0 = µ0∂0φ, J
xy = − 1
µ
∂x∂yφ)
global symmetry
winding winding dipole
∂0J
x
0 = ∂
xJ ∂0J
xy
0 = ∂x∂yJ
xy
(Jx0 =
1
2pi
∂xΦ, J =
1
2pi
∂0Φ) (J
xy
0 =
1
2pi
∂x∂yφ, J = 1
2pi
∂0φ)
duality T-duality Self-duality
R↔ 1/R 4pi2µ0 ↔ µ
Table 2: Analogy between the ordinary 1 + 1-dimensional compact scalar theory and the
2 + 1-dimensional φ-theory. Detailed explanations will be given in the body of the paper.
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two of Z4 with the gauge transformation rule
A0 → A0 + ∂0α ,
Axy → Axy + ∂x∂yα
(1.8)
with α ∼ α + 2pi. There are no Axx and Ayy components.
The gauge invariant electric field is
Exy = ∂0Axy − ∂x∂yA0 . (1.9)
This gauge theory is similar to an ordinary U(1) gauge theory in 1 + 1 dimensions. It does
not have a magnetic field and it has a θ-parameter. The Lorentzian Lagrangian is
L = 1
g2e
E2xy +
θ
2pi
Exy . (1.10)
Just as an ordinary 1 + 1-dimensional U(1) gauge theory is effectively a quantum me-
chanical system of a single variable, the holonomy, this system is also lower dimensional. It
is effectively 1 + 1-dimensional. In particular, it has no local excitation in 2 + 1 dimensions.
The effective 1 + 1-dimensional system is quite peculiar. The energy of its states is of order
`a. This is to be contrasted with the charged states of the non-gauge theory (Section 4),
whose energy is of order 1
`a
. In the standard continuum limit, a→ 0 with fixed `, the energy
of these states goes to zero and the system has an infinite vacuum degeneracy.10 The analogy
between these 1 + 1 and 2 + 1-dimensional systems is summarized in Table 3.
In Section 7, we consider a ZN version of this U(1) tensor gauge theory. We present two
dual continuum Lagrangians of this system. First, we Higgs the U(1) gauge theory to ZN
using a scalar φ. Then, we dualize φ, as in Section 5, to φxy and find a BF -type description
of the system.
The spectrum of this theory has NL
x+Ly−1 states. It is infinite in the continuum limit.
Its entropy scales like the length of the system.
We also present two lattice models that lead at long distances to this continuum model.
One of them is based on a ZN tensor gauge theory and the other is a ZN version of the
lattice XY-plaquette model of Section 2, also known as the plaquette Ising model (see [36]
for a review and earlier references).
As in the examples in Table 2 and Table 3, this 2+1-dimensional ZN tensor gauge theory
10Alternatively, as in the non-gauge theory, we can consider the large volume limit, ` → ∞ with fixed a,
and then the energy of these states diverges. This signals the fact that the spectrum of local excitations is
gapped.
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(1 + 1)d U(1) gauge theory (2 + 1)d U(1) tensor gauge theory
gauge fields Aµ ∼ Aµ + ∂µα A0 ∼ A0 + ∂0α
Axy ∼ Axy + ∂x∂yα
field strengths Ex = ∂0Ax − ∂xA0 Exy = ∂0Axy − ∂x∂yA0
flux
∮
dτ
∮
dxEx = 2pin
∮
dτ
∮
dyExy = 2pi
∑
α nxαδ(x− xα)∮
dτ
∮
dxExy = 2pi
∑
β ny βδ(y − yβ)
Lagrangian L = 1
g2
E2x +
θ
2pi
Ex L = 1g2eE
2
xy +
θ
2pi
Exy
EoM ∂0Ex = 0 ∂0Exy = 0
Gauss law ∂xEx = 0 ∂x∂yExy = 0
electric one-form electric tensor
U(1) global symmetry ∂0J
x
0 = 0, ∂xJ
x
0 = 0 ∂0J
xy
0 = 0, ∂x∂yJ
xy
0 = 0
Jx0 =
2
g2
Ex +
θ
2pi
Jxy0 = Exy
Table 3: Analogy between the 1+1-dimensional U(1) gauge theory and the 2+1-dimensional
U(1) tensor gauge theory. Detailed explanations will be given in the body of the paper.
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(1 + 1)d ZN gauge theory (2 + 1)d ZN tensor gauge theory
lattice ZN lattice gauge theory ZN lattice tensor gauge theory
or ZN Ising model or ZN plaquettte Ising model
fields B ∼ B + 2pi φxy ∼ φxy + 2piwx(x) + 2piwy(y)
Aµ ∼ Aµ + ∂µα A0 ∼ A0 + ∂0α
Axy ∼ Axy + ∂x∂yα
Lagrangian L = N
2pi
BEx L = N2piφxyExy
electric one-form electric tensor
exp[iB] exp[iφxy]
ZN global symmetry
& charge operator ordinary zero-form dipole
exp[i
∮
dxAx] exp[i
∫ x2
x1
dx
∮
dyAxy]
exp[i
∮
dx
∫ y2
y1
dyAxy]
ZN charged probe particles fractons
defect exp[i
∫
C(dtA0 + dxAx)] exp[i
∫∞
−∞ dtA0]
exp[i
∫ x2
x1
dx
∫
C(dt∂xA0 + dyAxy)]
ground state degeneracy N NL
x+Ly−1
on a torus
Table 4: Comparison between the ordinary 1+1-dimensional ZN gauge theory and the 2+1-
dimensional ZN tensor gauge theory. Detailed explanations will be given in the body of the
paper.
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(2 + 1)d Lagrangian spectrum
scalar theory φ µ0
2
(∂0φ)
2 − µ
2
(∂x∂yφ)
2 gapless local excitations
charged states at order 1
µ`a
, 1
µ0`a
U(1) tensor gauge theory A 1
g2e
E2xy +
θ
2pi
Exy no local excitations – gapped
charged states at order g2e`a
ZN tensor gauge theory N2piφ
xyExy no local excitations – gapped
large vacuum degeneracy
Table 5: Spectra of the continuum field theories discussed in this paper. Depending on the
order of limits a→ 0 or `→∞, the energy of the charged states goes to zero or infinity.
is analogous to a 1+1-dimensional ordinary ZN gauge theory. We summarize this analogy in
Table 4. It is nice to see the hierarchy between these three situations. The systems in Table
2 have gapless local excitations. The systems in Table 3 do not have local excitations. Their
excitations behave like those of a lower dimensional theory. And the systems in Table 4 have
only a finite number of states (which diverges as Li → ∞). We compare these theories in
Table 5.
Finally, in Appendix A, we compute the two-point function of the XY-plaquette model
and demonstrate the subtleties in the space of functions.
Throughout this paper our spacetime will be flat. Space will be either a plane R2 or
a two-torus T2. The signature will be either Lorentzian or Euclidean. And when it is
Euclidean we will also consider spacetime to be a three-torus T3. We will use xi with i = 1, 2
to denote the two spatial coordinates, x0 to denote Lorentzian time, and τ for the Euclidean
time. The spatial vector index i can be freely raised and lowered. When specializing to
a particular component of an equation, we will also use (t, x, y) to denote the coordinates
with t ≡ x0, x ≡ x1, y ≡ x2. When we will consider tensors, e.g. Aij, we will denote specific
components also as Axy.
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1.4 Preview of [1, 2]
We will continue this line of investigation in [1] and [2], where we will present 3 + 1-
dimensional versions of the systems in this paper. Just as the examples here are analogous
to certain ordinary 1 + 1-dimensional systems, there will be analogies between the examples
in [1] and [2] and certain ordinary 2 + 1-dimensional systems.
In [1] we will discuss two non-gauge systems. The first is an XY-plaquette model, which
is described at long distances by a scalar field φ. The discussion will be quite similar to
the analysis in this paper. The other non-gauge theory will be based on a dynamical field
φˆ in the tensor representation of the rotation group. More explicitly, we will limit ourselves
to systems whose rotation symmetry is the cubic group (just as we limit ourselves here
to systems with a Z4 rotation symmetry) and the dynamical field φˆ will be in the two-
dimensional representation of that group. As in this paper, we will find exotic momentum
and winding global symmetries and will explore the spectrum of states charged under these
global symmetries.
We will then study two different U(1) gauge theories obtained by gauging the momentum
symmetries of the φ and φˆ systems. We will denote the gauge fields by A and Aˆ, respectively.
Certain aspects of the gauge theory of A have been discussed in [23, 15, 24, 25, 16, 18] (see
[27–33, 21, 34, 22, 35, 17, 26, 19] for related tensor gauge theories). The gauge theory of Aˆ is
related to gauge theories discussed in [15]. These two gauge theories have new exotic global
symmetries, analogous to the electric and the magnetic generalized global symmetries of
ordinary U(1) gauge theories [7] and [8]. And they have subtle excitations carrying these
global electric and magnetic charges. (This is similar to what we see in Section 6.)
We will also show that the non-gauge theory of φ is dual to the Aˆ gauge theory. Similarly,
the non-gauge theory of φˆ is dual to the A gauge theory. In every one of these dual pairs the
global symmetries and the spectra match across the duality. This is particularly surprising
given the subtle nature of the states that are charged under the momentum and winding
symmetries of the non-gauge systems and the magnetic and electric symmetries of the gauge
systems.
In [2] we will study a 3 + 1-dimensional version of the discussion in Section 7. We
will present three dual continuum Lagrangians of the ZN tensor gauge theory. (One of
these was discussed in [15].) We will analyze the global symmetries, the gauge invariant
observables/defects, and the spectrum of the Hamiltonian. We will match these continuum
models with three different lattice theories, which are dual at long distances. One of these
lattice models is the celebrated X-cube model [6].
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2 The XY-Plaquette Model
2.1 The Lattice Model
In this section we review the 2 + 1-dimensional XY-plaquette model [14].
We study the system on a spatial lattice with Lx and Ly sites in the x and y directions
and we use periodic boundary conditions. We label the sites by s = (xˆ, yˆ), with integer
xˆ = 1, · · · , Lx and yˆ = 1, · · · , Ly. When we later take the continuum limit, we will use
x = axˆ and y = ayˆ to label the coordinates and `x = aLx and `y = aLy to denote the
physical size of the system.
The degrees of freedom are phase variable eiφs (and therefore φs ∼ φs + 2pi). Their
conjugate momenta pis satisfy
[φs, pis′ ] = iδs,s′ . (2.1)
The 2pi-periodicity of φs implies that the eigenvalues of pis are integers. The Hamiltonian is
H =
u
2
∑
s
(pis)
2 −K
∑
s
cos(∆xyφs)
∆xyφxˆ,yˆ = φxˆ+1,yˆ+1 − φxˆ+1,yˆ − φxˆ,yˆ+1 + φxˆ,yˆ .
(2.2)
This lattice system has a large number of U(1) global symmetries, which grows linearly in
the size of the system. For every point xˆ0 in the x direction, there is a U(1) global symmetry
that rotates the φs’s on the xˆ0-column simultaneously:
U(1)xˆ0 : φs → φs + ϕ , ∀ s = (xˆ, yˆ) with xˆ = xˆ0 , (2.3)
where ϕ ∈ [0, 2pi). Similarly, for every point yˆ0 in the y direction, there is a U(1) global
symmetry that rotates the φs’s on the yˆ0-row simultaneously:
U(1)yˆ0 : φs → φs + ϕ , ∀ s = (xˆ, yˆ) with yˆ = yˆ0 . (2.4)
There is one relation among these symmetries; the composition of all the U(1)xˆ0 is the same
as the composition of all the U(1)yˆ0 . It rotates all the φs’s on the two-dimensional lattice
simultaneously. In total, we have Lx +Ly − 1 independent U(1) global symmetries. We will
refer to these symmetries as the momentum dipole symmetries.
Let us modify the XY-plaquette model by including the following interaction across two
links: ∑
xˆ,yˆ
eiφxˆ+1,yˆe−2iφxˆ,yˆeiφxˆ−1,yˆ + eiφxˆ,yˆ+1e−2iφxˆ,yˆeiφxˆ,yˆ−1 + c.c. . (2.5)
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This model and its global symmetries have been studied in [37]. This modification breaks
most of the U(1) global symmetries (2.3),(2.4), leaving only the overall U(1) symmetry that
rotates all the φs’s by the same phase. If space is noncompact, there are also two additional
U(1) global dipole symmetries:
U(1)′x : φs → φs + xˆ ϕx , ∀ s = (xˆ, yˆ) ,
U(1)′y : φs → φs + yˆ ϕy , ∀ s = (xˆ, yˆ) .
(2.6)
with parameters ϕx, ϕy ∈ [0, 2pi). These symmetries are absent if we add also a more generic
interaction of spins across a single link. We will discuss these symmetries in more detail
when we consider this model in continuum following (2.15).
In Section 7.4 we will discuss the ZN generalization of the XY-plaquette model.
2.2 First Attempt at a Continuum Theory
Here we present a first attempt for the continuum Lagrangian of the XY-plaquette model.
Certain aspects of this field theory have been discussed in [14–19]. We will return to the
more subtle issues in Section 3.
Let φ be a 2pi-periodic real scalar field. (See Section 3 for more details about its period-
icity.) The Lagrangian in Lorentzian signature is
L = µ0
2
(∂0φ)
2 − 1
2µ
(∂x∂yφ)
2 , (2.7)
where µ0, µ are two parameters with mass dimension +1.
The equation of motion
µ0 ∂
2
0φ+
1
µ
∂2x∂
2
yφ = 0 (2.8)
implies a momentum dipole global symmetry with currents
J0 = µ0∂0φ , J
xy = − 1
µ
∂x∂yφ ,
∂0J0 = ∂x∂yJ
xy .
(2.9)
The Z4 representations of the currents are (Rtime,Rspace) = (10,12).
Naively, we can write Jxy as a total derivative of ∂iφ, and study a more elementary
current with three spatial derivatives in the conservation equation. However, in Section 3,
we will argue that ∂iφ is not a well-defined operator in the continuum limit, while ∂x∂yφ is.
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The conserved charges of the momentum dipole symmetry are
Qx(x) =
∮
dy J0 , Q
y(y) =
∮
dx J0 ,∮
dxQx(x) =
∮
dyQy(y) .
(2.10)
The momentum dipole symmetry shifts the scalar field by arbitrary functions of one spatial
coordinate:
φ(t, x, y)→ φ(t, x, y) + cx(x) + cy(y) . (2.11)
On a lattice with Li sites along the xi direction, the number of these charges is Lx +Ly − 1.
These are the continuum limits of the U(1)xˆ0 , U(1)yˆ0 symmetries on the lattice in Section
2.1.
When the global form of the momentum dipole symmetry is U(1) (as opposed to R),
the charges
∫ xi2
xi1
dxiQi(xi) ∈ Z are integers at any interval [xi1, xi2]. Equivalently, the charges
Qi(xi) are linear combinations of delta functions with integer coefficients (see Section 4.1).
The continuum limit of the ordinary XY-model also has a winding symmetry (which is
not present on the lattice):
J i0 =
1
2pi
∂iφ , J =
1
2pi
∂0φ ,
∂0J
i
0 = ∂
iJ .
(2.12)
As we will see in Section 3, the operator ∂iφ is ill-defined in the XY-plaquette model, and
hence, the ordinary winding symmetry (2.12) does not exist in its continuum limit.
Even though the ordinary winding symmetry (2.12) does not exist, there is a winding
dipole global symmetry [17]:
Jxy0 =
1
2pi
∂x∂yφ , J =
1
2pi
∂0φ ,
∂0J
xy
0 = ∂
x∂yJ .
(2.13)
The Z4 representations of the currents are (Rtime,Rspace) = (12,10). This winding dipole
symmetry cannot be integrated to (2.12) since ∂iφ is not a well-defined operator. The
winding dipole symmetry is a global symmetry of the continuum field theory, but not of the
lattice XY-plaquette model.
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The charges of the winding dipole symmetry are
Qxyx (x) =
∮
dy Jxy0 , Q
xy
y (y) =
∮
dx Jxy0 ,∮
dxQxyx (x) =
∮
dyQxyy (y) .
(2.14)
Again, when the global form of the winding dipole symmetry is U(1) (as opposed to R),
the charges Qxyi (x
i) are linear combinations of delta functions with integer coefficients (see
Section 3.2). On a lattice with Li sites along the xi direction, the number of these charges
is Lx + Ly − 1.
Let us deform the Lagrangian (2.7) to:
L = µ0
2
(∂0φ)
2 − 1
2µ
(∂x∂yφ)
2 − 1
2µ′
[
(∂2xφ)
2 + (∂2yφ)
2
]
. (2.15)
The last term is the continuum limit of (2.5). In the special case when µ′ = 2µ, the
Lagrangian is invariant under the full continuous SO(2) rotation group and not only its Z4
subgroup. (This SO(2) invariant model was studied in [21].) This deformation renders the
continuum limit of ∂iφ smooth. Hence, the ordinary winding symmetry (2.12) exists and the
winding dipole symmetry (2.13) becomes trivial.
The equation of motion of (2.15)
µ0∂
2
0φ+
1
µ
∂2x∂
2
yφ+
1
µ′
(∂4xφ+ ∂
4
yφ) = 0 (2.16)
means that the conserved momentum dipole current (2.9) is modified
J0 = µ0∂0φ ,
Jxy = − 1
µ
∂x∂yφ , Jxx = − 1
µ′
∂x∂xφ , Jyy = − 1
µ′
∂y∂yφ ,
∂0J0 = ∂x∂yJ
xy + ∂x∂xJ
xx + ∂y∂yJ
yy .
(2.17)
Now the Z4 representations of the components are (Rtime,Rspace) = (10,10 ⊕ 12 ⊕ 12).
(Since ∂iφ is a meaningful operator, we can also express it in terms of currents with a single
derivative and a conservation equation with three derivatives.)
The previously conserved charges (2.10) are no longer conserved. But the overall U(1)
charge
Q =
∮
dxdy J0 (2.18)
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is still conserved. In addition, on R2 we also have two conserved dipole charges, which are
integrated versions of (2.10) with a linear function of xi:
qx =
∮
dxdy x J0 ,
qy =
∮
dxdy y J0 .
(2.19)
They implement
φ(t, x, y)→ φ(t, x, y) + Cxx+ Cyy , (2.20)
with constants Cx, Cy ∈ R. These dipole charges were studied in [21].
Note that although these dipole charges qx, qy are meaningful only on R2, the conserved
dipole current (2.17) is defined locally and it exists more generally.
3 The Fields
3.1 The Continuum Limit
In this section we carefully take the continuum limit of the XY-plaquette model.
As a warmup, let us start with the continuum limit of the XY-model. There is a phase
variable eiφs at every site s = (xˆ, yˆ). The interactions consists of terms across a link:
exp[i∆xφs] ≡ exp[iφxˆ+1,yˆ − iφxˆ,yˆ] ,
exp[i∆yφs] ≡ exp[iφxˆ,yˆ+1 − iφxˆ,yˆ] .
(3.1)
For a typical lattice configuration, the difference between two neighboring φs is order 1, i.e.
∆iφs ∼ 1. In the continuum limit, we consider smooth configurations, such that
∆iφs ∼ a
`
 1. (3.2)
Here a is the lattice spacing and ` is a characteristic size of the system. Since ∆iφs  1, it
is clear how to resolve the ambiguity in assigning a real (as opposed to a circle-valued) ∆iφs
to the link - take |∆iφs| < pi. Then we can define the derivatives
∂iφs = −ie−iφs∂ieiφs ≡ 1
a
∆iφs ∼ 1
`
. (3.3)
This definition makes sense even when φs is discontinuous as a real number, but is smooth
as a phase, i.e. eiφs varies slowly. By contrast, a typical lattice configuration has ∂iφs ∼ 1a ,
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which is excluded from the continuum theory.
Equivalently, we cover the space with patches in which φs is a real number and the
transition functions involve shifts of φs by 2piZ. Then, the derivatives are taken in each
patch.
Now we turn to the XY-plaquette model. We have a phase variable eiφs at every site s
and the interactions are around plaquettes:
exp[i∆xyφs] ≡ exp [i(φxˆ+1,yˆ+1 − φxˆ+1,yˆ − φxˆ,yˆ+1 + φxˆ,yˆ)] . (3.4)
For a typical lattice configuration, the difference between two neighboring φs’s is order 1,
and therefore ∆xyφs ∼ 1. In the strict continuum limit, we consider smooth configurations,
such that
∆xyφs ∼ a
2
`2
 1 (3.5)
and we define the double derivative as
∂x∂yφs ≡ 1
a2
∆xyφs . (3.6)
Again, since ∆xyφs ∼ a2`2  1, it is clear how to resolve the ambiguity in assigning a real
(as opposed to a circle-valued) ∆xyφs - take |∆xyφs| < pi. By contrast, a typical lattice
configuration has ∂x∂yφs ∼ 1a2 , which is excluded from the continuum theory.
One new element here, which was not present in the previous case of the XY-model, is
that even if ∆xyφs ∼ a2`2 , eiφs might not vary smoothly. For example, a configuration of φs,
which depends discontinuously only on one coordinate, say x, has ∆xyφs = 0. Since the
changes in φs between neighboring sites are not small, there is no natural way to define the
derivative ∂xφs.
More precisely, we could try to define the derivative using the product across a link
exp[ia∂xφs] ≡ exp[iφ(xˆ+1,yˆ)] exp[−iφ(xˆ,yˆ)] , (3.7)
but there is no natural way to define ∂xφs without an additive
2pi
a
Z ambiguity. Therefore,
while the double derivative ∂x∂yφs has a smooth continuum limit, the single derivative ∂iφs
does not.11
We can be more ambitious and study also more singular configurations. In the strict
11Because of this, we cannot write the double derivative as −i∂x(e−iφs∂yeiφs).
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continuum limit, ∆xyφs ∼ a2`2 , but we can also consider configurations with
∆xyφs ∼ a
`
 1 . (3.8)
Here ∂x∂yφ includes terms of order 1/a, or equivalently, a single delta function. Again, since
∆xyφs ∼ a`  1, it is clear how to resolve the ambiguity in assigning a real (as opposed to a
circle-valued) ∆xyφs - take |∆xyφs| < pi.
Let us consider a configuration whose ∆xyφs ∼ a/`:
φ(x, y) = 2pi
x
`x
W y(y) , (3.9)
where W y(y) ∈ Z is an integer-valued, discontinuous function. We take it to be piecewise
constant with a finite number of segments. φ(x, y) is continued periodically outside 0 ≤ x <
`x, 0 ≤ y < `y. Its second derivative ∂x∂yφ = 2pi 1`x∂yW y(y) involves the infinite function
∂yW
y(y) ≡ 2pi
a
[W y(y + a)−W y(y)] ∼ 1
a
. (3.10)
Note that ∆xyφs = a
2∂x∂yφ ∼ a`x  1.
It is important to impose here that W y(y) is piecewise constant. This guarantees that
the action of this configuration is of order 1/a. If the number of segments of W y(y) is of
order 1/a, such a configuration has action of order 1/a2 and is indistinguishable from the
generic configurations on the lattice.
In summary, as long as |∆xyφs|  1 (either ∆xyφs ∼ a2`2 or ∆xyφs ∼ a` ), we can unambigu-
ously resolve the 2pi-periodicity of ∆xyφs by assigning to it a real value |∆xyφs| < pi and then
we can define the double derivative as (3.6). In the strict continuum limit, ∆xyφs ∼ a2`2 and
this second derivative is finite. For ∆xyφs ∼ a` , it is infinite and scales like a one-dimensional
delta function.
Higher derivative terms and terms with higher powers of φ could potentially ruin the uni-
versality of the answers we get for such configurations. However, these terms are suppressed
by powers of a. For example, they can come from Taylor expanding the lattice interaction
ei∆xyφs → eia2∂x∂yφ. And since ∆xyφs ∼ a` their contributions are smaller than those we have
taken into account.
We review the various classes of functions in the continuum limit of the XY-plaquette
model:
• A typical lattice configuration has ∆xyφs ∼ 1 and leads to action of order `2a2 . Clearly,
such configurations are suppressed in the continuum limit and lead to states with
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energy of order 1
a2
.
• The configurations in the strict continuum limit have ∆xyφs ∼ a2`2 and hence have a
finite action. The corresponding states have finite energy. This set of configurations
includes discontinuous functions.
• We are also interested in configurations with ∆xyφs ∼ a` . Even though their action is
`
a
, which is infinite in the continuum limit, it is smaller than the action of the typical
lattice configuration. Therefore, these configurations are distinct from the generic
lattice configurations.
3.2 Transition Functions
Above, we discussed the continuum limit of the XY-plaquette model and found that while
the continuum limit ∂x∂yφ exists, that of ∂iφ does not. In this section we will give another
interpretation of these features from the continuum field theory point of view.
On the lattice, the fundamental variables are U(1) phases eiφs . In the continuum, it is
more natural to work with the R-valued field φ. The field φ is subject to discrete gauge
symmetry and requires transition functions.
Locally, the real scalar φ is subject to the following discrete gauge transformation
φ(t, x, y) ∼ φ(t, x, y) + 2piwx(x) + 2piwy(y) , (3.11)
where wi(xi) ∈ Z is any integer-valued, discontinuous function. In other words, we gauge
a Z momentum dipole symmetry, so that the momentum dipole global symmetry is U(1)
(as opposed to R). Because of this identification, operators such as ∂0φ, ∂x∂yφ, eiφ are well-
defined local operators, while φ and ∂iφ are not.
Let us discuss some global issues. In standard situations, φ is a smooth function. Then,
the global structure is described using patches in which φ is a smooth real function and there
are transition functions in the overlap regions between patches. Let us try to imitate such a
construction for our φ, which is not smooth.
We cover the manifold by patches Ua that are locally open rectangles. φ(a) is single-valued
in each rectangle Ua. At the overlap between two patches U1, U2, the φ(a)’s from neighboring
patches can differ by a transition function g12(x, y):
φ(1)(t, x, y) = φ(2)(t, x, y) + g12(x, y) ,
g12(x, y) = 2piw
x
12(x) + 2piw
y
12(y) , (x, y) ∈ U1 ∩ U2 ,
(3.12)
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where wi12(x
i) ∈ Z are integer-valued, piecewise constant functions defined in U1 ∩ U2. On
the triple overlaps U1 ∩ U2 ∩ U3 between three patches, the transition functions are subject
to the cocycle condition:
g12 + g23 + g31 = 0 . (3.13)
The transition function g12(x, y) is generally also not a single-valued function, but is itself
a section that requires transition functions. Since the transition function can have its own
transition function, the ordinary winding charge
∮
dxi∂iφ is not well-defined.
Let us make this more concrete for a rectangular 2-torus T2 of lengths `x, `y. The x, y
coordinates are periodically identified, x ∼ x+ `x, y ∼ y + `y. We define the integral
c(φ) ≡ 1
2pi
∮
dx
∮
dy∂x∂yφ (3.14)
over the spatial 2-torus T2. Note that c(φ) is the total winding dipole charge:
c(φ) =
∮
dxQxyx (x) =
∮
dyQxyy (y) . (3.15)
c(φ) is analogous to the characteristic class that measures how “twisted” the bundle is.
More specifically, c(φ) measures the winding of the transition function. In particular, if φ is
a globally single-valued (possibly discontinuous) function, or if the transition functions are
single-valued, then this integral vanishes.
Let us explore different classes of configurations for φ in a hierarchical order.
1. φ is smooth in each patch. At the overlap between two patches, the transition function
is therefore a constant, g12(x, y) = 2pin, n ∈ Z. Such configurations have finite action
and are similar to the configurations in an ordinary theory of compact boson. A general
gauge transformation (3.11) would bring such a configuration outside this class.
2. φ is not necessarily smooth inside a patch, but ∂x∂yφ is well-defined and finite. For
example, φ = 2piW (x) where W (x) ∈ Z is an integer-valued, discontinuous function.
Such configurations do not carry winding dipole charge. Despite the discontinuity, such
configurations still have finite action since ∂x∂yφ is finite.
3. φ is not necessarily smooth in each patch and ∂x∂yφ can have a δ(0) ∼ 1a singularity.
Now the transition functions can be discontinuous, g12(x, y) = 2piw
x
12(x) + 2piw
y
12(y).
Furthermore, the transition functions might not be single-valued and require their own
transition functions. Such configurations have infinite actions of order δ(0) ∼ 1
a
, but
their actions are still smaller than the action of typical configurations of the lattice
theory, which are of order 1
a2
. (See examples below.)
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Let us contrast the above three classes of configurations for the continuum field theory
with a typical lattice configuration. On the lattice, φs is subject to the identification φs ∼
φs + 2piw(xˆ, yˆ) for any w(xˆ, yˆ) ∈ Z. A typical lattice configuration has ∆xyφs ∼ 1, leading
to an action of order 1
a2
. In taking the continuum limit, we exclude such configurations, but
we still include configurations whose actions are order 1 or order 1
a
.
We discuss two examples of configurations for φ that belong to the third class.
Example 1 Consider
φ(t, x, y) = 2pi
x
`x
W y(y) + 2pi
y
`y
W x(x) (3.16)
where W i(xi) ∈ Z. Across x = 0, the transition functions is g(x)(y) = 2piW y(y). Similarly,
across y = 0, the transition functions is g(y)(x) = 2piW
x(x). At the quadruple overlap around
x = y = 0, since W i(xi) are single-valued, discontinuous functions, these transition functions
obey the cocycle condition automatically. The integral c(φ) vanishes for this configuration
of φ.
Example 2 Consider
φ(t, x, y) = 2pi
[ x
`x
Θ(y − y0) + y
`y
Θ(x− x0)− xy
`x`y
]
, (3.17)
for some 0 < x0 < `
x and 0 < y0 < `
y.12 This configuration of φ has nontrivial transition
functions across both x = 0 and y = 0, with a quadruple overlap at the origin. Across x = 0,
the transition function is
g(x)(y) = 2piΘ(y − y0) . (3.18)
Across y = 0, the transition function is
g(y)(x) = 2piΘ(x− x0) . (3.19)
While the transition functions are not single-valued on the axes, they obey the cocycle
condition at the quadruple overlap around x = y = 0
g(x)(y = ) + g(y)(x = `
x + ) + g(x)(y = `
y + ) + g(y)(x = ) = 0− 2pi + 2pi + 0 = 0 (3.20)
with → 0.
12When x0 = 0 (and similarly for y0 = 0), more care is needed. Unlike for generic x0, there is now a
discontinuity at x = 0, even taking into account of transition functions that shift φ by 2piZ. This discontinuity
leads to ∂x∂yφ = 2pi
[
1
`x δ(y − y0) + 1`y δ(x)− 1`x`y
]
, which also gives c(φ) = 1.
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As advocated previously, the ordinary winding charge, say in the x direction, is 1
2pi
∮
dx∂xφ =
Θ(y − y0), which is not single-valued and ill-defined. We will see that the winding dipole
charges are well-defined for this configuration in Section 4.2.
The integral c(φ) is
c(φ) =
∮
dx
∮
dy
[
1
`x
δ(y − y0) + 1
`y
δ(x− x0)− 1
`x`y
]
= 1 . (3.21)
4 Momentum and Winding Modes
In this section we discuss the spectrum of states of the continuum φ-theory (2.7) . In addition
to states with energy of order one, we will also discuss states with energy order 1
a
, which
become infinite in the continuum limit. Still, their analysis is universal because their energy
is parametrically lower than that of a typical lattice fluctuation, which is order 1
a2
.
4.1 Momentum Modes
Let us a consider plane wave mode in R2,1:
φ = Ceiωt+ikxx+ikyy . (4.1)
The equation of motion (2.8) gives the dispersion relation
ω2 =
1
µµ0
k2xk
2
y . (4.2)
For generic kx and ky the spectrum is standard, but with a nonstandard dispersion
relation. We will discuss it in detail soon.
Classically, the zero-energy solutions ω = 0 are those modes with kx = 0 or ky = 0. In
particular, there are classical zero-energy solutions with kx = 0 but arbitrarily large ky, and
vice versa. The momentum dipole symmetry (2.9) maps one such zero-energy classical solu-
tion to another. For this reason we will call these modes the momentum modes. Therefore,
classically, the momentum dipole symmetry appears to be spontaneously broken. As we will
soon see, this picture is incorrect quantum mechanically.
Note also that the winding symmetry (2.14) vanishes on the plane waves (4.1) and there-
fore this symmetry does not act on the corresponding states.
Let us quantize the φ theory on a 2-torus of lengths `x, `y, so that the momenta are
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quantized, i.e. ki = 2pi
ni
`i
with ni ∈ Z. Written in momentum space, the Lagrangian is
L = `x`y
∑
nx,ny∈Z
[
µ0
2
∂0φnx,ny∂0φ−nx,−ny +
2pi2
µ
n2xn
2
y
(`x`y)2
φnx,nyφ−nx,−ny
]
, (4.3)
where φnx,ny are the Fourier modes of φ. The quantization of modes φnx,ny with nx 6= 0 and
ny 6= 0 is straightforward. Each such mode behaves as a simple harmonic oscillator with
ground state energy
E =
pi√
µµ0
|nxny|
`x`y
, nx 6= 0 , ny 6= 0 . (4.4)
On top of this ground state we have a Fock space of states of φ quanta. Other than the
strange dispersion relation, this part of the spectrum is standard.
Let us turn to the modes with nxny = 0. As we said above, the momentum symmetry
acts on these modes and therefore we refer to them as momentum modes.
For these momentum modes the restoring force of the harmonic oscillator vanishes.
Therefore, the corresponding modes can make large field excursions and we need to take
into account the identification (3.11). To make the identification manifest, we return to the
position space, and focus on the modes with either nx = 0 or ny = 0:
φ(t, x, y) = φx(t, x) + φy(t, y) + · · · , (4.5)
where the · · · are those modes with nx 6= 0 and ny 6= 0. φx(t, x), φy(t, y) are point-wise 2pi
periodic by (3.11):
φi(t, xi)→ φi(t, xi) + 2piwi(xi) , wi(xi) ∈ Z (4.6)
They share a common zero mode, which implies the following gauge transformation
φx(t, x)→ φx(t, x) + c(t) , φy(t, y)→ φy(t, y)− c(t) . (4.7)
The Lagrangian of these momentum modes is
L =
µ0
2
[
`y
∮
dx (φ˙x)2 + `x
∮
dy (φ˙y)2 + 2
∮
dx φ˙x
∮
dy φ˙y
]
(4.8)
It is easy to check that it is consistent with the gauge symmetry (4.7).
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The conjugate momenta are
pix(t, x) = µ0
(
`yφ˙x(t, x) +
∮
dyφ˙y(t, y)
)
,
piy(t, y) = µ0
(
`xφ˙y(t, y) +
∮
dxφ˙x(t, x)
)
.
(4.9)
They are subject to the constraint:∮
dxpix(x) =
∮
dypiy(y) , (4.10)
which can be thought of as Gauss law from the gauge symmetry (4.7). In fact, the momenta
are the charges of the momentum dipole symmetry, Qi(xi) = pii(xi).
The point-wise periodicity of φi implies that their conjugate momenta pii are linear com-
bination of delta functions with integer coefficients:
Qx(x) = pix =
∑
α
Nxαδ(x− xα) , Qy(y) = piy =
∑
β
Nyβδ(y − yβ) ,
N ≡
∑
α
Nxα =
∑
β
Nyβ , N
x
α , N
y
β ∈ Z .
(4.11)
Here {xα} and {yβ} are a finite set of points on the x and y axes, respectively.
The Hamiltonian is easily found to be
H =
∮
dxpixφ˙x +
∮
dypiyφ˙y − L
=
1
2µ0`x`y
[
`x
∮
dx(pix)2 + `y
∮
dy(piy)2 −
(∮
dxpix
)(∮
dypiy
)]
.
(4.12)
To check it, substitute (4.9) in (4.12) to express it in terms of φ˙ to find the Lagrangian (4.8).
The configuration with the lowest momentum dipole symmetry charge is
pix = δ(x− x0) , piy = δ(y − y0) (4.13)
for some x0, y0. It has energy
1
2µ0`x`y
[`xδ(0) + `yδ(0)− 1] . (4.14)
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More generally, the energy of the momentum mode (4.11) is
H =
1
2µ0`x`y
[
`x
∑
α
(Nxα)
2δ(0) + `y
∑
β
(Nyβ )
2δ(0)−N2
]
. (4.15)
We see that in the quantum theory, the energy of the momentum modes is infinite.
To regularize this infinity, we can place the theory on a lattice with spacing a.13 Then
the energy of the momentum modes scales as
1
µ0
1
`a
. (4.16)
In the continuum limit a → 0, the momentum modes are much heavier than the generic
modes (4.4) whose energies scale as 1/(µ0`
2). In finite volume, the ground state is the unique
eigenstate whose pii(xi) eigenvalues are all zero, and the classically zero-energy configurations
with either nx = 0 or ny = 0 are all lifted quantum mechanically.
Let us now consider the infinite volume limit. From the continuum point of view, it is
natural to first take a→ 0, and then `→∞. In this order of limits, the momentum modes
are all lifted, and the energies of the generic modes are brought down to zero as we take
`→∞.
We conclude that, in finite volume, the momentum dipole symmetry (2.9), which appears
to be spontaneously broken in the classical theory, is in fact restored in the quantum theory.
Not only is it restored, but all the states carrying its charge, have infinite energy in the strict
continuum limit. Yet, we can still make sense of them as in (4.15).
If instead we first take ` → ∞ and then a → 0, the momentum modes are still heavier
than the generic modes, but their energies both go to zero.
13Note that the underlying 2 + 1-dimensional system is in the continuum. Only the 1 + 1-dimensional
system (4.8) is placed on a lattice.
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4.2 Winding Modes
The most general winding configuration can be obtained by taking linear combinations of
(3.17):
φ(t, x, y) = 2pi
[
x
`x
(∑
β
W yβ Θ(y − yβ)
)
+
y
`y
(∑
α
W xα Θ(x− xα)
)
−W xy
`x`y
]
,
W =
∑
α
W xα =
∑
β
W yβ , W
x
α ,W
y
β ∈ Z ,
(4.17)
where {xα} is a finite set of points between 0 and `x, and similarly for the yβ’s.
This configuration realizes the winding dipole charges:
Qxyx (x) =
1
2pi
∮
dy∂x∂yφ =
∑
α
W xα δ(x− xα) ,
Qxyy (y) =
1
2pi
∮
dx∂x∂yφ =
∑
β
W yβ δ(y − yβ) .
(4.18)
The charges are sum of delta functions with integer coefficients. It has a nontrivial c(φ):
c(φ) =
∮
dx
∮
dy
[
1
`x
(∑
β
W yβ δ(y − yβ)
)
+
1
`y
(∑
α
W xα δ(x− xα)
)
−W 1
`x`y
]
= W .
(4.19)
The Hamiltonian of these winding modes is
H =
1
2µ
∮
dx
∮
dy(∂x∂yφ)
2
=
2pi2
µ
[
1
`y
∮
dx(W xα )
2δ(x− xα)2 + 1
`x
∮
dy(W yβ )
2δ(y − yβ)2 − W
2
`x`y
]
=
2pi2
µ`x`y
[
`x
∑
α
(W xα )
2δ(0) + `y
∑
β
(W yβ )
2δ(0)−W 2
]
.
(4.20)
The energy of the winding mode is infinite in the continuum limit. To regularize this infinity,
we can place the theory on a lattice with spacing a, then the energy of the winding state
scales as 1/(µ`a).
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5 Self-Duality
Let us rewrite the Euclidean Lagrangian for φ as
LE = µ0
2
B2 +
1
2µ
ExyE
xy +
i
2pi
B˜xy(∂x∂yφ− Exy) + i
2pi
E˜(∂τφ−B) (5.1)
where B,Exy, E˜, B˜
xy are independent fields. We denote the Euclidean time as τ . If we
integrate out these fields, we recover the original Lagrangian (2.7) for φ.
Instead, we integrate out only B,Exy
LE = 1
8pi2µ0
E˜2 +
µ
8pi2
B˜xyB˜
xy +
i
2pi
B˜xy ∂x∂yφ+
i
2pi
E˜ ∂τφ (5.2)
Next, we integrate out φ to find the constraint
∂τ E˜ = ∂x∂yB˜
xy . (5.3)
This can be solved locally in terms of a field φxy with spin 2 under the spatial Z4:
E˜ = ∂x∂yφ
xy ,
B˜xy = ∂τφ
xy .
(5.4)
The Lagrangian becomes
LE = µ˜0
2
(∂τφ
xy)2 +
1
2µ˜
(∂x∂yφ
xy)2 , (5.5)
where
µ˜0 =
µ
4pi2
, µ˜ = 4pi2µ0 . (5.6)
Hence the φ theory is dual to a theory of φxy, which transforms in the spin 2 representation
of the spatial Z4 symmetry.14 This duality is analogous to the T-duality of the ordinary
1 + 1-dimensional compact scalar theory.
14Since the spatial rotation symmetry is discrete, it can be redefined by a discrete internal global symme-
tries. Both the φ and the φxy theories have a charge conjugation symmetry, C : φ→ −φ, C : φxy → −φxy.
Let R be the generator of the spatial Z4 rotation, R4 = 1. φ has spin 0 under R and φxy has spin 2 under
R. However, if we say that the rotation generator of the φxy theory is R˜ ≡ RC, then φxy has spin 0 under
R˜. For this reason we call the duality between φ and φxy a self-duality. Alternatively, we can say that under
the duality R↔ RC. Similar nontrivial maps of symmetry generators is common in dualities.
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φxy is subject to the identification
φxy(t, x, y) ∼ φxy(t, x, y) + 2piwx(x) + 2piwy(y) , (5.7)
where wi(xi) ∈ Z. Similarly, the local operators include ∂0φxy, ∂x∂yφxy, eiφxy , but not ∂iφxy.
Just like the φ field, φxy is generally a section over a bundle with nontrivial transition
functions.
There is no ordinary winding symmetry of φxy because ∂iφxy is not a well-defined oper-
ator. Even though there is no ordinary winding symmetry, there is a dual winding dipole
symmetry:
J0 =
1
2pi
∂x∂yφ
xy , Jxy =
1
2pi
∂0φ
xy ,
∂0J0 = ∂x∂yJ
xy ,
(5.8)
with (Rtime,Rspace) = (10,12). This is dual to the momentum dipole symmetry (2.9) of φ.
The equation of motion in the Lorentzian signature
µ˜0∂
2
0φ
xy = − 1
µ˜
∂2x∂
2
yφ
xy , (5.9)
implies a dual momentum dipole symmetry
Jxy0 = µ˜0∂0φ
xy , J = − 1
µ˜
∂x∂yφ
xy ,
∂0J
xy
0 = ∂
x∂yJ ,
(5.10)
with (Rtime,Rspace) = (12,10). This is dual to the winding dipole symmetry (2.13) of φ.
Under the duality, the momentum modes (4.11) of φ are mapped to the winding modes
(4.17) of φxy by N iα ↔ W iα. The momentum dipole charges and the winding dipole charges
are exchanged Qi ↔ Qxyi . Indeed, the Hamiltonian of the momentum modes (4.15) agrees
with that of the winding (4.20) under the above mapping and (5.6).
Our duality, which is wrong on the lattice (with states of energy of order 1
a2
), is true not
only in the strict continuum limit, but also for states with energy of order 1
a
.
Finally, we discuss the robustness of the φ-theory (2.7). In the XY-plaquette lattice
model, we impose the (10,12) momentum dipole symmetry as our microscopic symmetry
GUV . The low-energy field theory of φ has a larger global symmetry GIR that includes
not only GUV , but also the (12,10) winding dipole symmetry. The GUV -invariant operators
include eiφ
xy
, which violates the emergent (12,10) winding dipole symmetry. However, the
state created by eiφ
xy
has energy of order 1
a
as discussed in Section 4.2. Therefore, eiφ
xy
is
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a trivial operator in the continuum limit. This is to be contrasted with the ordinary 1 + 1-
dimensional compact boson at small radius where the relevant winding operator destabilizes
the conformal field theory.
6 U(1) Tensor Gauge Theory
In this section we study a tensor gauge theory in 2 + 1 dimensions. Its gauge symmetry is
a local version of the global U(1) dipole symmetry we discussed above. As we will see, it
exhibits peculiarities that are not present in ordinary U(1) gauge theories. We will also see
that in many ways it is reminiscent of an ordinary U(1) gauge theory in 1 + 1 dimensions.
In [1] we will study a similar gauge theory in 3 + 1 dimensions.
We can gauge the (10,12) momentum dipole global symmetry of the φ-theory by coupling
the currents to the tensor gauge field (A0, Axy):
J0A0 + J
xyAxy . (6.1)
The current conservation equation ∂0J0 = ∂x∂yJ
xy implies the gauge transformation
A0 → A0 + ∂0α ,
Axy → Axy + ∂x∂yα .
(6.2)
The gauge invariant electric field is
Exy = ∂0Axy − ∂x∂yA0 , (6.3)
while there is no magnetic field.
6.1 Lattice Tensor Gauge Theory
Let us discuss the lattice version of the U(1) tensor gauge theory without matter. We have
a U(1) phase variable Up = e
ia2Ap and its conjugate variable Ep at every plaquette. The
gauge transformation eiαs is a U(1) phase associated with each site s. Under the gauge
transformation,
Up → Up ei∆xyαs (6.4)
where ∆xyαs is a linear combination of αs around the plaquette p.
There are two types of gauge invariant operators. The first type is an operator Ep at a
single plaquette. The second type is a product of Up’s along the x direction at a fixed y, or
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vice versa.
Gauss law sets
Gs ≡
∑
p3s
pEp = 0 (6.5)
where the sum is an oriented sum (p = ±1) over the four plaquettes p that share a common
site s. The Hamiltonian is
H =
1
g2
∑
p
E2p , (6.6)
with Gauss law imposed by hand.
The lattice model has an electric tensor symmetry whose conserved charge is proportional
to Ep. Clearly it commutes with the Hamiltonian, which depends only on Ep. The electric
tensor symmetry rotates the phase of Up at a single plaquette, Up → eiϕUp. Using Gauss law
(6.5), the dependence of the conserved charge Qp on p is a function of xˆ plus a function of yˆ.
6.2 Lagrangian
Motivated by earlier papers about related models, this gauge theory was studied in [25,17,26].
The Lorentzian Lagrangian of the pure tensor gauge theory is
L = 1
g2e
E2xy +
θ
2pi
Exy . (6.7)
Note that ge has mass dimension
3
2
and θ is dimensionless.
We will soon show that the total electric flux in Euclidean space is quantized
∮
dτdxdyExy ∈
2piZ, and therefore the theta angle is 2pi periodic θ ∼ θ + 2pi.
The equations of motion are
∂0Exy = 0 ,
∂x∂yExy = 0 ,
(6.8)
where the second equation is Gauss law.
6.3 Fluxes
We place the theory on a Euclidean 3-torus with lengths `x, `y, `τ and explore its bundles.
For that, we need to understand the possible nontrivial transition functions.
Recalling the winding configuration (3.17), we take the transition function, as we shift
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τ → τ + `τ , to be a gauge transformation with
g(x, y) = 2pi
[ x
`x
Θ(y − y0) + y
`y
Θ(x− x0)− xy
`x`y
]
, (6.9)
i.e.
Axy(τ + `
τ , x, y) = Axy(τ, x, y) + ∂x∂yg . (6.10)
For example, we can have
Axy(τ, x, y) = 2pi
τ
`τ
[
1
`x
δ(y − y0) + 1
`y
δ(x− x0)− 1
`x`y
]
, (6.11)
Such a configuration gives rise to electric flux:
e(x)(x) ≡
∮
dτ
∮
dyExy = 2piδ(x− x0) ,
e(y)(y) ≡
∮
dτ
∮
dxExy = 2piδ(y − y0) .
(6.12)
With more general such twists we have
e(x)(x) =
∮
dτ
∮
dyExy = 2pi
∑
α
nxαδ(x− xα) ,
e(y)(y) =
∮
dτ
∮
dxExy = 2pi
∑
β
ny βδ(y − yβ) ,∑
α
nxα =
∑
β
ny β , nxα, ny β ∈ Z
(6.13)
or in its integrated form
e(x)(x1, x2) ≡
∮
dτ
∫ x2
x1
dx
∮
dyExy ∈ 2piZ ,
e(y)(y1, y2) ≡
∮
dτ
∮
dx
∫ y2
y1
dyExy ∈ 2piZ .
(6.14)
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6.4 Global Symmetry
The equations of motion can be interpreted as the current conservation equation and a
differential condition for an electric tensor symmetry :
∂0J
xy
0 = 0 ,
∂x∂yJ
xy
0 = 0 ,
(6.15)
with the current in the spin 2 representation 12 of the spatial Z4 group:
Jxy0 =
2
g2e
Exy +
θ
2pi
. (6.16)
We define the current with a shift by θ/2pi so that the conserved charge is properly quantized
(see (6.32)). Note that there is no spatial component of the current. This is analogous to
the electric one-form symmetry of the ordinary 1 + 1-dimensional U(1) gauge theory whose
current is Jx0 =
2
g2
Ex +
θ
2pi
obeying ∂0J
x
0 = 0 and ∂xJ
x
0 = 0.
There is an integer conserved charge at every point in space, which coincides with the
current itself:
Q(x, y) = Jxy0 = N
x(x) +Ny(y) , (6.17)
where N i(xi) ∈ Z. The differential condition ∂x∂yJxy0 = 0 constrains the charge Q to be an
integer function of x plus an integer function of y.
Up to a gauge transformation, the electric tensor symmetry acts on the gauge fields as
Axy → Axy + cx(x) + cy(y) . (6.18)
As a symmetry, it maps one configuration of Axy to another with the same electric field.
This conserved charge exists also on the lattice.
The charged objects under this electric global symmetry are the gauge-invariant extended
operators defined at a fixed time:
W(x)(x1, x2) = exp
[
i
∫ x2
x1
dx
∮
dyAxy
]
,
W(y)(y1, y2) = exp
[
i
∮
dx
∫ y2
y1
dyAxy
]
.
(6.19)
Only integer powers of this operator are invariant under the large gauge transformation
(6.9). We can refer to such operators as Wilson strips. Note that gauge invariance restricts
the allowed positions of the strips. The symmetry operator U(β;x, y) = eiβQ(x,y) obeys the
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following commutation relation with the Wilson strip
U(β;x, y)W(x)(x1, x2) = e
iβW(x)(x1, x2)U(β;x, y) , if x1 < x < x2 ,
U(β;x, y)W(y)(y1, y2) = e
iβW(y)(y1, y2)U(β;x, y) , if y1 < y < y2 .
(6.20)
These strip operators are the continuum version of the lattice operators constructed as
products of Up along a line.
6.5 Defects as Fractons
We now discuss defects that are extended in the time direction. The simplest kind of such
a defect is
exp
[
i
∫ ∞
−∞
dtA0
]
. (6.21)
In Euclidean signature with compact time direction, the exponent is quantized by a gauge
transformation α = 2pi τ
`τ
that winds nontrivially in the time direction. This describes a
single static charged particle. Importantly, a single particle cannot move in space. Gauge
invariance makes it immobile.
While a single particle cannot move in isolation, a pair of them with opposite charges
– a dipole – can move collectively. Consider two particles with charges ±1 at fixed x1 and
x2 moving in time along a curve C in the (y, t) plane, y(t). This motion is described by the
gauge-invariant defect
W (x1, x2, C) = exp
[
i
∫ x2
x1
dx
∫
C
( dt∂xA0 + dyAxy )
]
(6.22)
Note that the integrand
∫
C ( dt∂xA0 + dyAxy ) is gauge-invariant for any curve C without
endpoints, e.g. running from the far past to the far future. Similarly, we can have a pair of
particles separated in the y directions moving collectively in the x direction.
Finally, the operators (6.19) are special cases of these defects where C is a closed curve
independent of time.
The restricted mobility of these probe particles is the hallmark of fractons.
6.6 An Effective Theory and the Spectrum
We place the system on a spatial 2-torus with lengths `x, `y and study its spectrum.
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We pick the temporal gauge A0 = 0 and then Gauss law tells us that
∂x∂yExy = 0 . (6.23)
It is solved, up to a time independent gauge transformation, by
Axy =
1
`y
fx(t, x) +
1
`x
f y(t, y) , (6.24)
where the normalization was picked for later convenience. Note that there is no mode with
nontrivial momenta in both the x and y directions. This is analogous to the ordinary 1 + 1-
dimensional U(1) gauge theory where there is no propagating degrees of freedom.
Only the sum of the zero modes of 1
`y
fx(x) and 1
`x
f y(y) is physical. This implies a gauge
symmetry:
fx(t, x)→ fx(t, x) + `y c(t) ,
f y(t, y)→ f y(t, y)− `x c(t). (6.25)
To remove this gauge ambiguity, we define the gauge-invariant variables f¯ i as
f¯x(t, x) = fx(t, x) +
1
`x
∮
dyf y(t, y) ,
f¯ y(t, y) = f y(t, y) +
1
`y
∮
dxfx(t, x) .
(6.26)
The price we pay is that these variables are subject to a constraint∮
dxf¯x(t, x) =
∮
dyf¯ y(t, y) . (6.27)
The gauge transformation (6.9) implies the following two identifications on f¯ i:
f¯x(t, x)→ f¯x(t, x) + 2piδ(x− x0) ,
f¯ y(t, y)→ f¯ y(t, y) + 2piδ(y) , (6.28)
for each x0, and
f¯x(t, x)→ f¯x(t, x) ,
f¯ y(t, y)→ f¯ y(t, y) + 2piδ(y − y0)− 2piδ(y) ,
(6.29)
for each y0. On a lattice with L
i sites in the xi direction, we can solve the first f¯ y(yˆ = 1)
in terms of the other coordinates using (6.27), then the remaining Lx + Ly − 1 f¯ ’s have
periodicities f¯ ∼ f¯ + 2pi
a
.
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The Lagrangian for these modes is
L =
1
g2e`
x`y
[
`x
∮
dx( ˙¯fx)2 + `y
∮
dy( ˙¯f y)2 −
(∮
dx ˙¯fx
)(∮
dy ˙¯f y
)]
+
θ
2pi
∮
dx ˙¯fx . (6.30)
Let Π¯x(x) and Π¯y(y) be the conjugate momenta of f¯ i. The delta function periodicities
(6.28) and (6.29) imply that Π¯i(xi) have independent integer eigenvalues at every xi. Due
to the constraint (6.27) on f¯ i, the conjugate momenta Π¯i are subject to a gauge ambiguity
generated by the constraint:
Π¯x(x) ∼ Π¯x(x) + 1 ,
Π¯y(y) ∼ Π¯y(y)− 1 . (6.31)
The charge of the electric global symmetry (6.17) is expressed in terms of the conjugate
momenta as
Q(x, y) =
2
g2e
Exy +
θ
2pi
= Π¯x(x) + Π¯y(y) . (6.32)
The Hamiltonian is
H =
g2e
4
[
`y
∮
dx
(
Π¯x − θx
2pi
)2
+ `x
∮
dy
(
Π¯y − θy
2pi
)2
+ 2
∮
dx
(
Π¯x − θx
2pi
)∮
dy
(
Π¯y − θy
2pi
)]
,
(6.33)
where θx + θy = θ. One can show that the Hamiltonian only depends on the sum of θx, θy,
but not the difference.
Let us regularize this Hamiltonian on a lattice with Lx, Ly sites in the x, y directions,
respectively. We will label the lattice site as (xˆ, yˆ) with xˆ = 1, · · · , Lx and yˆ = 1, · · · , Ly
and let a be the lattice spacing. The conjugate momenta Π¯i(xˆi) have independent integer
eigenvalues at each site xˆi. The Hamiltonian is
H =
g2ea
4
[
`y
Lx∑
xˆ=1
(
Π¯x(xˆ)− θx
2pi
)2
+ `x
Ly∑
yˆ=1
(
Π¯y(yˆ)− θy
2pi
)2
+2a
Lx∑
xˆ=1
(
Π¯x(xˆ)− θx
2pi
) Ly∑
yˆ=1
(
Π¯y(yˆ)− θy
2pi
)]
.
(6.34)
States with finitely many nonzero Π¯i(xˆ) have very small energies of order a, which vanish in
the continuum limit. This is to be contrasted with the φ theory where the classically zero-
energy modes are lifted quantum mechanically. We also have states with order L nonzero
Π¯i(xˆ). For example, in the continuum notation, Π¯x(x) = Θ(x−x1)−Θ(x−x2) with x1 < x2.
The energies of such states are of order 1.
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Let us discuss the robustness the global symmetry. On the lattice, there is an electric
tensor global symmetry GUV (6.15), which coincides with the symmetry GIR of the low-
energy field theory. Similar to the ordinary 1 + 1-dimensional U(1) gauge theory discussed
in Section 1.2, there is no relevant operator violating this symmetry. The effect of adding
massive charged particles at short distances is similarly negligible in the continuum limit.
We conclude that the electric tensor symmetry GUV is robust in the 2 + 1-dimensional U(1)
tensor gauge theory.
7 ZN Tensor Gauge Theory
In this section we discuss a ZN version of the tensor gauge theory of Section 6. The lattice
version of this theory is simply a ZN version of the lattice model of Section 6. A continuum
version of this theory can be obtained by coupling the U(1) theory to a scalar field φ with
charge N that Higgses it to ZN . This 2 + 1-dimensional ZN tensor gauge theory is in many
ways analogous to the 1 + 1-dimensional ZN gauge theory.
7.1 Lagrangian
The Euclidean Lagrangian is:
LE = i
2pi
Eˆxy(∂x∂yφ−NAxy) + i
2pi
Bˆ(∂τφ−NAτ ) , (7.1)
where (Aτ , Axy) are the U(1) tensor gauge fields and φ is a 2pi-periodic real scalar field that
Higgses the U(1) gauge symmetry to ZN . The gauge transformations are
φ ∼ φ+Nα ,
Aτ ∼ Aτ + ∂τα ,
Axy ∼ Axy + ∂x∂yα .
(7.2)
The fields Eˆxy and Bˆ are Lagrangian multipliers. The equations of motion are
∂x∂yφ−NAxy = 0 ,
∂τφ−NAτ = 0 ,
Eˆxy = Bˆ = 0 .
(7.3)
42
We can dualize (7.1) by integrating out φ. This leads to the constraint
∂x∂yEˆ
xy − ∂τ Bˆ = 0 , (7.4)
which is solved locally in terms of a spin-two field φxy
Eˆxy = ∂τφ
xy , Bˆ = ∂x∂yφ
xy . (7.5)
The winding modes of φ mean that the periods of Eˆxy and of Bˆ are quantized, corresponding
to φxy ∼ φxy + 2pi. Then, (7.1) becomes
LE = i
2pi
Nφxy(∂τAxy − ∂x∂yAτ ) = i
2pi
NφxyExy . (7.6)
The Lagrangian is analogous to the BF -type Lagrangian of the 1 + 1-dimensional ZN gauge
theory (1.5). The equations of motion are
∂τφ
xy = 0 ,
∂x∂yφ
xy = 0 ,
Exy = 0 .
(7.7)
7.2 Global Symmetry
Let us track the global symmetries of the system. The scalar field theory φ has a global
U(1) momentum dipole symmetry (2.9) and a global U(1) winding dipole symmetry (2.13).
The momentum symmetry is gauged and the gauging turns the U(1) winding dipole sym-
metry into ZN . Under the duality, the ZN winding dipole symmetry of φ becomes the ZN
momentum dipole symmetry of φxy. In addition, the pure gauge theory has an U(1) electric
global symmetry (6.15) and the coupling to the matter field φ breaks it to ZN . Altogether,
we have a ZN dipole global symmetry and a ZN electric global symmetry.
Let us discuss the gauge-invariant operators at a fixed time. The gauge-invariant local
operator
eiφ
xy
(7.8)
is the symmetry operator that generates the ZN electric global symmetry. In addition, we
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have the gauge invariant strip operators
W(x)(x1, x2) = exp
[
i
∫ x2
x1
dx
∮
dyAxy
]
,
W(y)(y1, y2) = exp
[
i
∮
dx
∫ y2
y1
dyAxy
]
.
(7.9)
that generate the ZN dipole global symmetry. The exponents in (7.8), (7.9) are quantized
because of the periodicity of φxy and gauge invariance. These operators satisfy
eiNφ
xy
= WN(i) = 1 (7.10)
and therefore they are ZN operators.
The operators (7.8) and (7.9) do not commute
eiφ
xy(x,y)W(x)(x1, x2) = e
2pii/NW(x)(x1, x2)e
iφxy(x,y) , if x1 < x < x2 ,
eiφ
xy(x,y)W(y)(y1, y2) = e
2pii/NW(y)(y1, y2)e
iφxy(x,y) , if y1 < y < y2 .
(7.11)
As we will see, the spectrum is in a representation of this Heisenberg-like algebra.15
7.3 Defects as Fractons
The defects of the ZN tensor gauge theory are similar to those in the U(1) tensor gauge
theory in Section 6.5. The simplest type of defect is a single static particle
exp
[
in
∫ ∞
−∞
dtA0
]
, n = 1, · · · , N . (7.12)
While a single particle cannot move on its own, a pair of them – a dipole – can move
collectively along the direction transverse to their separation. The motion of a pair of
particles separated in the x direction is described by the defect
exp
[
in
∫ x2
x1
dx
∫
C
( dt∂xA0 + dyAxy )
]
, n = 1, · · · , N . (7.13)
Here C is a curve in the (y, t) plane. There is a similar defect describing a pair of particles
separated in the y direction.
15At the risk of confusing the reader, we would like to point out that this lack of commutativity can be
interpreted as a mixed anomaly between these two ZN symmetries. See [7] for a related discussion on the
relativistic one-form symmetries in the 2 + 1-dimensional ZN gauge theory.
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In the special case, where C is at fixed time it has to be closed. Then this operator is the
generator of the symmetry operators (7.9).
7.4 Lattice Tensor Gauge Theory and the Plaquette Ising Model
The ZN tensor gauge theory arises as the continuum limits of two different lattice theories,
the ZN lattice tensor gauge theory and the ZN plaquette Ising model. In this sense, the two
lattice models are dual to each other at long distances. This is analogous to the IR duality
between the ordinary 1 + 1-dimensional ZN lattice gauge theory and the ZN Ising model.
Plaquette Ising model
The ZN plaquette Ising model (see [36] for a review) is the ZN version of the XY-plaquette
model in Section 2.1. There is a ZN phase Us and its conjugate momentum Vs at each site.
They obey the commutation relation UsVs = e
2pii/NVsUs. The Hamiltonian includes the
plaquette interaction and a transverse field term:
H = −K
∑
xˆ,yˆ
Uxˆ,yˆU
−1
xˆ+1,yˆU
−1
xˆ,yˆ+1Uxˆ+1,yˆ+1 − h
∑
s
Vs . (7.14)
We will assume h to be small.
The conserved charge operators are products of Vs along either the x or y directions:
W(x)(xˆ) =
Ly∏
yˆ=1
Vxˆ,yˆ ,
W(y)(yˆ) =
Lx∏
xˆ=1
Vxˆ,yˆ .
(7.15)
In the continuum, they become the dipole global symmetry operator (7.9). While the ZN
dipole symmetry is present on the lattice, the ZN electric tensor symmetry (7.8) is broken
by the
∑
s Vs term in the Hamiltonian.
Lattice tensor gauge theory
The second lattice model is the ZN lattice tensor gauge theory. There is a ZN phase
variable Up and its conjugate variable Vp on every plaquette p. They obey UpVp = e
2pi/NVpUp.
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The gauge transformation ηs is a ZN phase associated with each site. Under the gauge
transformation,
Up → Up ηxˆ,yˆ η−1xˆ+1,yˆ η−1xˆ,yˆ+1 ηxˆ+1,yˆ+1 (7.16)
where the product is over the four sites around the plaquette p.
Gauss law sets
Gs ≡
∏
p3s
(Vp)
p = 1 (7.17)
where the product is an oriented product (p = ±1) over the four plaquettes p that share a
common site s. The Hamiltonian is
H = −h˜
∑
p
Vp , (7.18)
with Gauss law imposed by hand.
The conserved charges are the Vp at each plaquette. They become the ZN electric tensor
symmetry generators (7.8) eiφ
xy
in the continuum. While the ZN electric tensor symmetry
is present on the lattice, the ZN dipole symmetry is broken by the Hamiltonian.
Alternatively, we can relax (7.17) and impose Gauss law energetically by adding a term
to the Hamiltonian
H = −K
∑
s
Gs − h˜
∑
p
Vp . (7.19)
When h and h˜ are both zero, we see that (7.19) becomes the Hamiltonian (7.14) of the
plaquette Ising model if we dualize the lattice and identify Up ↔ V −1s , Vp ↔ U−1s . At long
distances, they both flow to the ZN tensor gauge theory (7.6).
7.5 Ground State Degeneracy
Let us study the ground states of the ZN tensor gauge theory from the Lagrangian (7.1).
Using the equations of motion (7.3), we can solve all the other fields in terms of φ, and the
solution space reduces to {
φ | φ ∼ φ+Nα
}
. (7.20)
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Almost all configurations of φ can be gauged away completely, except for the winding modes:
φ(t, x, y) = 2pi
[
x
`x
∑
β
W yβ Θ(y − yβ) +
y
`y
∑
α
W xα Θ(x− xα)−W
xy
`x`y
]
W xα ,W
y
β ∈ Z , W =
∑
α
W xα =
∑
β
W yβ
(7.21)
If we regularize the space by a lattice, these winding modes are labeled by Lx+Ly−1 integers.
Similarly, the gauge parameter α can also have the above winding modes. Therefore, there
are NL
x+Ly−1 winding modes that cannot be gauged away with their W x, W y valued in ZN .
These lead to NL
x+Ly−1 ground states.
Next, we will reproduce the ground state degeneracy using the second presentation (7.6)
of the ZN tensor gauge theory. In the temporal gauge A0 = 0, the phase space is{
φxy(x, y), Axy(x, y)
∣∣∣ ∂x∂yφ = 0 , Axy(x, y) ∼ Axy(x, y) + ∂x∂yα(x, y)} . (7.22)
The solution modulo gauge transformations is
Axy =
1
`y
fx(x) +
1
`x
f y(y) ,
φxy = fˆx(x) + fˆy(y)
(7.23)
The effective Lagrangian for f and fˆ is
Leff =i N
2pi
[∮
dxfˆx(t, x)∂0f¯
x(t, x) +
∮
dyfˆy(t, y)∂0f¯
y(t, y)
]
, (7.24)
where f¯x, f¯ y are defined in (6.26) subject to the constraint (6.27). The modes f¯x, f¯ y have
delta function periodicities (6.28) and (6.29).
The identification (5.7) implies that the modes fˆx, fˆy are pointwise 2pi periodic:
fˆx(x) ∼ fˆx(x) + 2piwx(x) ,
fˆy(y) ∼ fˆy(y) + 2piwy(y) ,
(7.25)
where wi(xi) ∈ Z. fˆx and fˆy share a common zero mode, which leads to the gauge symmetry
fˆx(x)→ fˆx(x) + c ,
fˆy(y)→ fˆy(y)− c .
(7.26)
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On a lattice with spacing a, we can solve f¯y(yˆ = L
y) in terms of f¯x(xˆ) and the other
f¯y(yˆ) using (6.27). The remaining, unconstrained L
x +Ly− 1 f¯ ’s have periodicities f¯ i(xˆi) ∼
f¯ i(xˆi)+2pi/a for each xˆi. On the other hand, we can use the gauge symmetry (7.26) to gauge
fix fˆy(yˆ = L
y) = 0. The remaining Lx + Ly − 1 fˆ ’s have periodicities fˆi(xˆi) ∼ fˆi(xˆi) + 2pi
for each xˆi. The effective Lagrangian is now written in terms of Lx + Ly − 1 pairs of(
fˆi(xˆ
i), f¯ i(xˆi)
)
:
Leff = i N
2pi
a
[
Lx∑
xˆ=1
fˆx(t, xˆ)∂0f¯
x(t, xˆ) +
Ly−1∑
yˆ=1
fˆy(t, yˆ)∂0f¯
y(t, yˆ)
]
(7.27)
Each pair of
(
fˆi(xˆ
i), f¯ i(xˆi)
)
leads to an N -dimensional Hilbert space.
One way to understand these states is the following. The analysis of the spectrum of the
U(1) tensor gauge theory (see Section 6.6) involved Lx+Ly−1 rotors f¯ , whose quantization
led to states carrying U(1) electric tensor symmetry charges. Here, the momentum conjugate
to these rotor, fˆ is compact and therefore, only charges modulo N are meaningful – states
whose charges differ by N are identified. We end up with NL
x+Ly−1 ground states.
The ground state degeneracy can also be understood from the ZN global symmetries. On
a lattice, the commutation relations between the ZN dipole and electric global symmetries
(7.11) is isomorphic to Lx + Ly − 1 copies of the ZN Heisenberg algebra, AB = e2pii/NBA
and AN = BN = 1. The isomorphism is given by
Axˆ = e
iφxy(xˆ,1) , Bxˆ = W(x)(xˆ) , xˆ = 1, · · · , Lx ,
Ayˆ = e
iφxy(1,yˆ)−iφxy(1,1) , Byˆ = W(y)(yˆ) , yˆ = 2, · · · , Ly ,
(7.28)
where W(x)(xˆ) ≡ exp
[
ia2
∑Ly
yˆ=1Axy(xˆ, yˆ)
]
is a strip operator along the y direction with width
a, and similarly for W(y)(yˆ). The minimal representation of the ZN Heisenberg algebra is
N -dimensional. Therefore, the nontrivial algebra (7.11) forces the ground state degeneracy
to be NL
x+Ly−1.16
Let us discuss the robustness of the ZN tensor gauge theory. The global symmetry GIR
of the low-energy ZN tensor gauge theory consists of the ZN electric tensor symmetry and
the ZN winding dipole symmetry
As discussed in Section 7.4, the low-energy ZN tensor gauge theory (7.6) can be realized
either from the ZN Ising plaquette theory, or from the lattice ZN tensor gauge theory. In
the former short distance realization, the ZN dipole symmetry is present on the lattice and
16For ordinary 2 + 1-dimensional ZN gauge theory on a 2-torus, the electric and magnetic one-form global
symmetries give rise to 2 pairs of ZN Heisenberg algebra. Hence the ground state degeneracy is N2.
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will be taken to be our GUV . If we impose this microscopic symmetry GUV , then there is no
GUV -invariant relevant operator at long distances that violates GIR. Hence GIR is robust.
Instead, if we start with the lattice ZN tensor gauge theory, then the ZN dipole symmetry
is absent at short distances. Since the ZN dipole symmetry is not imposed, one is allowed
to add local gauge-invariant operators such as eiφ
xy
to the Lagrangian. Such perturbations
generically lift the ground state degeneracy and break the ZN dipole global symmetry ex-
plicitly.17 Hence, the emergent ZN dipole symmetry (and therefore GIR) is not robust. This
is similar to the ordinary 1 + 1-dimensional ZN gauge theory in Section 1.2 (see Table 4 for
the analogy).
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A The Two-Point Function
In this appendix we consider the two-point function of the continuum theory based on (2.7).
In Euclidean signature, the equation of motion is
µ0∂
2
τφ−
1
µ
∂2x∂
2
yφ = 0 , (A.1)
where τ is the Euclidean time. The two-point function of φ is
〈φ(τ, x, y)φ(0)〉 = 1
(2pi)3
∫ ∞
−∞
dωdkxdky
eiωτ+ikxx+ikyy
µ0ω2 +
k2xk
2
y
µ
. (A.2)
17In [2], we will discuss the 3 + 1-dimensional ZN tensor gauge theory, which is the low-energy limit of
the X-cube model. In this theory, all the gauge-invariant operators are extended objects as opposed to local
operators. Therefore the ground state degeneracy and the ZN global symmetries are robust.
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The ω integral can be done by deforming the contour and applying the residue theorem:
〈φ(τ, x, y)φ(0)〉 = 2
(2pi)2
√
µ
µ0
∫ ∞
0
dkx
∫ ∞
0
dky
e
− kxky√
µµ0
|τ |
kxky
cos(kxx) cos(kyy) . (A.3)
The integrals diverge in the IR region kx → 0 or ky → 0 reflecting the many states there.
Even if we place the system in finite volume, i.e. on a two-torus of lengths `x, `y, the modes
with kx = 0 and the modes with ky = 0 lead to a divergence even for generic τ, x, y.
The two point function of ∂τφ is
〈∂τφ(τ, x, y)∂τφ(0)〉 = − 2
(2pi)2
1
µ
1
2µ
3
2
0
∫ ∞
0
dkx
∫ ∞
0
dkye
− kxky√
µµ0
|τ |
kxky cos(kxx) cos(kyy) .
(A.4)
It is convergent unless x = y = 0.
The case of x = y = 0 is interesting because this two point function computes the norm
of a state created by acting with ∂τφ on the vacuum. In order to analyze it more carefully,
we place the theory on a two-torus of lengths `x, `y. The momenta are quantized, ki = 2pi
ni
`i
with ni ∈ Z. Then, the two point function is a convergent, discrete sum
〈∂τφ(τ, 0, 0)∂τφ(0)〉 = − 2
µ
1
2µ
3
2
0
(2pi)2
(`x`y)2
∞∑
nx=0
∞∑
ny=0
nxnye
−4pi2nxny |τ |√µµ0`x`y . (A.5)
Hence the norm of the state created by ∂τφ is finite when the space has finite volume. The
discrete sum can be evaluated to be (note that only modes with nxny 6= 0 contribute)
∞∑
nx,ny=1
nxnye
−nxnyT =
1
4
∞∑
n=1
n
sinh(nT/2)2
(A.6)
where T ≡ 4pi2|τ |√
µµ0`x`y
. When T is small, the sum receives contribution from large n, and we
can approximate the sum by an integral in n, with an IR cutoff at n = 1. This gives
∞∑
nx,ny=1
nxnye
−nxnyT −→
T→0
1
T 2
[log(2/T ) +O(1)] . (A.7)
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Hence in the small T limit (i.e. large torus area compared to τ 2), the norm is18
〈∂τφ(τ, 0, 0)∂τφ(0)〉 = − 2
(2pi)2
1
τ 2
[
log
(√
µµ0`
x`y
|τ |
)
+O(1)
]
. (A.8)
Note that the norm has an IR divergence as we take the area of the torus `x`y to infinity.
Let us study the two point function 〈eiφe−iφ〉. Since the exponential operators carry the
momentum symmetry (2.10), the two operators have to be at the same spatial point
〈eiφ(τ,0,0)e−iφ(0)〉 = exp (〈φ(τ, 0, 0)φ(0)〉) . (A.9)
We need to study (A.2) more carefully and regularize it as
〈φ(τ, 0, 0)φ(0)〉 = 1
2piµ0`x`y
∫ ∞
−∞
dω
Lx−1∑
nx=0
Ly−1∑
ny=0
eiωτ
ω2 +
(2pi)4n2xn
2
y
µµ0(`x`y)2
+ 2
. (A.10)
Here → 0 regularizes the integral over ω and as above, we placed the system in a box.
The terms with nxny 6= 0 are exponentially small at large |τ | – they are O
(
e
− (2pi)2√
µµ0`
x`y
|τ |
)
.
So let us focus on the other terms
〈φ(τ, 0, 0)φ(0)〉 = 1
2piµ0`x`y
(Lx + Ly − 1)
∫ ∞
−∞
dω
eiωτ
ω2 + 2
+ · · ·
=
1
2µ0`x`y
1

(Lx + Ly − 1)− 1
2µ0`x`y
(Lx + Ly − 1)|τ |+ · · · ,
(A.11)
where we neglected terms that vanish as  → 0. Substituting this in (A.9), the first term,
which is time independent, can be absorbed in wave function renormalization. The sec-
ond term leads to exponential decay and is associated with the lowest energy state that
contributes to the two point function. Its energy is
1
2µ0`x`y
(
`x
a
+
`y
a
− 1
)
. (A.12)
This agrees with the lowest energy state with the quantum numbers of eiφ (4.14).
The fact that this two-point function computation reproduces the energy of these states,
is a highly nontrivial check of our treatment of the discontinuous fields and it demonstrates
that our analysis is universal.
18Recall that in Euclidean signature, reflection positivity states that the two-point function of an operator
with an index in the time direction τ is non-positive, i.e. 〈Oτ (−τ, xi)Oτ (τ, xi)〉 ≤ 0.
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